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ABSTRACT. A shaped triangulation is a finite triangulation of an oriented pseudo three 
manifold where each tetrahedron carries dihedral angles of an ideal hyberbolic tetrahe- 
dron. To each shaped triangulation, we associate a quantum partition function in the form 
of an absolutely convergent state integral which is invariant under shaped 3 — 2 Pachner 
moves and invariant with respect to shape gauge transformations generated by total dihe- 
dral angles around internal edges through the Neumann-Zagier Poisson bracket. Similarly 
to Turaev-Viro theory, the state variables live on edges of the triangulation but take their 
values on the whole real axis. The tetrahedral weight functions are composed of three hy- 
perbolic gamma functions in a way that they enjoy a manifest tetrahedral symmetry. We 
conjecture that for shaped triangulations of closed 3-manifolds, our partition function is 
twice the absolute value squared of the partition function of TechmuTler TQFT defined by 
Andersen and Kashaev. This is similar to the known relationship between the Turaev-Viro 
and the Witten-Reshetikhin-Turaev invarints of three manifolds. We also discuss inter- 
pretations of our construction in terms of three-dimensional supersymmetric field theories 
related to triangulated three-dimensional manifolds. 



1. Introduction 

Topological Quantum Field Theories were discovered and axiomatized by Atiyah Q, 
Segal [ 38 1 and Witten llBD . First examples in 2 + 1 dimensions were constructed by 
Reshetikhin and Turaev [35 , 36 , 47 1 by using the combinatorial framework of Kirby cal- 
culus, and by Turaev and Viro [48 1 by using the framework of triangulations and Pachner 
moves. The algebraic ingredients of both constructions come from the finite dimensional 
representation category of the quantum group U q (sl(2)) at roots of unity. For example, 
the basic building elements in Turaev-Viro construction are tetrahedral weight functions 
given by 6j-symbols. These theories have been the subject of much subsequent investi- 
gation in the works of Blanchet, Habegger, Masbaum, Vogel, Barrett, Westbury, Turaev, 
Virelizier, Balsam, Kirillov and others [8] |6] |49] @) . A related but somewhat different 
line of development was initiated by Kashaev in [27 1 where a state sum invariant of links 
in three manifolds was defined by using the combinatorics of charged triangulations where 
the charges are algebraic versions of dihedral angles of ideal hyperbolic tetrahedra in finite 
cyclic groups. This approach has been subsequently developed by Baseilhac, Benedetti, 
Geer, Kashaev, Turaev |[3]|20). The common feature of all these theories is that the partition 
functions are always given by finite state sums. 

On the other hand, the idea of partition functions of Turaev-Viro type originates from 
the work of Ponzano and Regge [ 33 1 where, based on SU(2) 6j-symbols, a lattice version 
of quantum 2 + 1 gravity was suggested, but this theory was not complete and remained 
of restricted use because of problems of convergence of infinite sums. Similar problems of 
convergence appear when one tries to construct combinatorial versions of quantum Chern- 
Simons theories with non-compact gauge groups. For example, a connected component 
of PSL(2, R) Chern-Simons theory is identified with Teichmiiller space, and its quantum 
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theory corresponds to specific class of unitary mapping class group representations in in- 
finite dimensional Hilbert spaces [26 9|. Based on quantum Teichmiiller theory, formal 
state-integral partition functions of triangulated three manifolds were defined by Hikami, 
Dimofte, Gukov, Lenells, Zagier, Dijkgraaf, Fuji, Manabe EH EH [H \M [33]], mostly 
for the purposes of quasi classical expansions, but the question of convergence remained 
largely open until a mathematically rigorous version of Teichmiiller TQFT was suggested 
in HI . The convergence property of Teichmiiller TQFT is due its specific underlying com- 
binatorial setting: it is not just triangulations but shaped triangulations where each tetra- 
hedron carries dihedral angles of an ideal hyberbolic tetrahedron. Moreover, the role of 
dihedral angles is two-fold: they not only provide absolute convergence of state integrals 
but they also implement the complete symmetry with respect to change of edge orienta- 
tions. Although, shaped triangulations are similar to charged triangulations of ll27ll . the 
positivity condition of dihedral angles imposes important restrictions on construction of 
topologically invariant partition functions. 

The purpose of this paper is to suggest yet another TQFT based on combinatorics of 
shaped triangulations. As its basic building block is defined in terms of Faddeev's quantum 
dilogarithm 1 17 1 and the absolute convergence of partition functions relies on the positivity 
of dihedral angles, it is similar to the Teichmiiller TQFT. As a consequence, we are still 
restricted in our abilities of constructing topologically invariant partition functions in the 
sense that the 2 — 3 shaped Pachner move is not always applicable. On the other hand, 
unlike the Teichmiiller TQFT, our tetrahedral weight functions enjoy manifest tetrahedral 
symmetry and the partition function is well defined on any shaped triangulation without 
any extra topological restrictions. 

Let us now describe our construction in precise terms. 

1.1. States, state potentials, and state gauge invariance. Let Y be a CW-complex. De- 
note by A j (Y) the set of i-dimensional cells of Y. A state of Y is a map s : Ai (Y) —> K. 
A state potential is a map g : Aq(Y) — > M. Define a linear state gauge map 

b:R A °^ ^R A ^ Y \ bg(e)=g(d e)+g(d 1 e), (1) 

where c^e, i g {0, 1}, are the two end points of e (they coincide if the edge is a loop). A 
state is called pure gauge if it finds itself in the image of the state gauge map. The pure 
gauge states constitute a vector subspace of the state space. 

Let S be a set. A function / : R Al ( y ) — > S is called state gauge invariant at state s if 
f(s + bg) = f(s) for any state potential g. 

A (state) gauge fixing at vertex v € Aq(Y) is a linear form A on the vector space of 
states M Al ( Y ) such that 

(X,bg)=g(v), V 3 el A 'W. (2) 

Note that a gauge fixing at a vertex may not exist if the state gauge map is not injective. 

In what follows, a real valued function defined on only a subset of vertices will always 
be thought of as a state potential having zero values on the vertices where initially it was 
not defined. 

1.2. Shaped tetrahedra and their Boltzmann weights. Let T be an oriented tetrahedron 
embedded into R 3 together with its standard CW-complex structure. Let D(T) be the set 
of normal quadrilateral types (to be called quads) in T which is in bijection with the set 
of pairs of opposite edges of T. We fix the action of Z/3Z = {1, r, r 2 } on D(T) so that 
the images of a quad q under the action are q, q 1 = r(q) and q" = r 2 (q) corresponding 
to the clockwise cyclic order of three edges around a vertex (as seen from the outside 
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of the tetrahedron). We say T is shaped tetrahedron if it is provided with a dihedral 
angle map a : D(T) — >]0, 7r[, such that a(q) + a(q') + a(q") = it. Associated to a, the 
complex shape variables entering Thurston's hyperbolicity equations are given by a map 
z a : n(T) -> C \ {0, 1} defined by the formula 

z a (q) = e ia{q) sxna(q")/sma(q'). (3) 

Any state s: Ai(T) — > K induces a map s: D(T) — > R defined by the formula s{q) = 
s(e) + s(e'), where the e and e' are the opposite edges separated by q. To each pair 
(T, s) consisting of a shaped tetrahedron T and a state s of T, we associate the following 
Boltzmann weight 

B(T,s):= H 7 < a ) f^±^ a (q) + y/^J^(s(q') -%")); u u lj 2 \ (4) 

where function (z; uj\, lo 2 ) is defined below in ( |22] | with wi,o;2 G C and wi/w 2 ^ 
(— oo, 0]. It is easily verified that this Boltzmann weight is state gauge invariant at any 
state. 

1.3. Shaped triangulations and their Boltzmann weights. A triangulation is an ori- 
ented pseudo 3-manifold obtained from finitely many tetrahedra in R 3 by gluing them 
along triangular faces through orientation reversing affine CM^-homeomorphisms. Any 
triangulation X is naturally a CW-complex and its boundary dX is the CW-^-subcomplex 
composed of unglued triangular faces. We will use the following notation: 

Ai(X) := Ai{X)\Ai(dX). (5) 

A shaped triangulation is a triangulation where all tetrahedra are shaped. Similarly to 
the case of one shaped tetrahedron, to each pair (X, s) consisting of a shaped triangulation 
X and a state s of X, we associate a Boltzmann weight 

B(X,s):= [] B(T,s\ Al{T) ). (6) 

T£A 3 (X) 

Again, this Boltzmann weight is state gauge invariant at any state. 

1 .4. The partition function of shaped triangulations. A boundary state of a triangua- 
tion AT is a state of its boundary. We have the natural linear restriction map from the vector 
space of states of X to the vector space of its boundary states 

and for any boundary state s, we have a canonical identification of the preimage d^ 1 (s) 
with the linear space R Al ( x ) of real valued functions on the interior edges of X. 
A state gauge fixing in the interior of a triangulation X is a collection 

^ = {^y}„eA (i") ( 7 ) 

of gauge fixings at all interior vertices. Notice that for any triangulation the state gauge 
map is injective and state gauge fixings exist at any vertex. 

To any triple (X, s, A), where X is a shaped triangulation, s is a boundary state of X, 
and A is a state gauge fixing in the interior of X, we associate a partition function 

W b {X,s,X):= [ B(X,t)S{(X,t))dt, (8) 

Jd- 1 (s) 
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where 



S((X,t)):= J] 6({K,t)), dt:= JJ dt(e) 



(9) 





and b — « /^p. The main result of this paper is the following theorem where we use the 



notions of shaped 3 — 2 Pachner moves and shape gauge transformations considered in 



Theorem 1. The partition function Wb{X, s, A) is an absolutely convergent integral inde- 
pendent of the choice of the state gauge fixing X, invariant under shaped 3 — 2 Pachner 
moves, and invariant under the shape gauge transformations induced by interior edges. 

Several examples of explicit calculations make us to believe that for shaped triangula- 
tions of closed 3-manifolds, when the Teichmuller TQFT is defined as well, our partition 
function is twice the absolute value squared of the partition function of the Techmiiller 
TQFT. This is similar to the known relationship between the Turaev-Viro and the Witten- 
Reshetikhin-Turaev invarints of three manifolds. 

Conjecture 1. Let (X, tx) be an admissible shaped levelled branched triangulation of a 
closed oriented compact three manifold in the sense of HI- Then the following equality 
holds true 



where h = (b + e M >0 . 

The rest of this paper is organized as follows. Section[2]contains the proof of the main 
Theorem [TJ In Section [5J we derive the pentagon identity which underlies the invariance 
of our partition function with respect to shaped 3 — 2 Pachner move from the elliptic 
beta-integral. In Section [4] we provide examples of concrete calculations which justify 
Conjecture [TJ Section [5] is devoted to some considerations from the perspective of 3d 
supersymmetric field theories. Namely, based on our construction we get a class of 3d 
supersymmetric field theories defined on a squashed three-sphere related to triangulated 
three-dimensional manifolds. The latter relation is known as id/ "id correspondence which 
is the topic of recent study B^[T2l[T3ll45ll . Appendices contain some technical information 
on the special functions used. 
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2\F h {X 1 l x )\ 2 = W b (X,\) 



(10) 



2. Proof of TheoremQ] 



Lemma 1. Let X be a shaped triangulation, and let s and s' be states of X such that 
B(X, s' + ts) = B(X, s') for any t € K. Then the state s is in the image of the state gauge 
map. 
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Proof. By a straightforward verification, the statement of the lemma is true if X is a dis- 
joint union of unglued tetrahedra. Thus, it suffices to prove that if triangulation X is 
obtained from a triangulation Y by identification of two triangular faces / and /', and the 
statement of the lemma is true for Y, then it is also true for X. 

Denote by p: Y — >• X the identification projection, and by p* : R Ai W — >• R A >( y ' the 
corresponding pull-back maps. Let s and s' be states of X such that 

B(X,s' + ts) =B(X,s'), VteR. (11) 

Using the fact that B(X,r) = B(Y,p*(r)) for any state r of X, equation ([TT1) is equivalent 
to 

B{Y,p*(s')+tp*(s))=B(Y,p*(s% VteR. (12) 

As we assume that the statement of the lemma is true for Y, there exists g e R A °( F ) such 
thatp*(s) = bg. Let us show that there exists g' G R A °W such that g = p*(g'). Indeed, 
let triangles / and /' have respective vertices Vi and v[ and edges ej and e\ for i G {1,2,3} 
such that 

dei={ Vj ,v k }, 0eJ = {t$X}> {i,j,k} = {1,2,3}, (13) 

and 

p{e i )=p{e' i ), p(v i )=p{v! i ), ie {1,2,3}. (14) 
That means that when applied to edges ej and e\, the equality p* (s) — bg gives 

3 

g( Vj ) + g{v k ) = giv'j) + g(v' k ) & gfa) - g{v^) = £ := ^ (ff(«m) - «?«,))■ ( 15 ) 

m— 1 

Taking sum over i in the last equation, we obtain £ = 3£ ^ = which implies that 
= f° r an y * € {1, 2, 3}, i.e. g = p*(g'). Thus, we have the equality p*(s) = 
bp*(g') — P*(bg'), and as p* is injective, we conclude that s — bg'. □ 

Proof of Theorem\J] By injectivity of the state gauge map in the case of triangulations 
and Lemma [U the state gauge map image of the group R A °( X ' is the maximal transla- 
tion subgroup of the state space of X which leaves invariant the boundary state s and the 
Boltzmann weight B(X, t). On the other hand, the product of delta functions 6((X, t)) re- 
stricts the integral to a hyperplane in the space ~ b^ 1 (s) which intersects any orbit 
of this group action in a unique point, while the Boltzmann weight exponentially decays 
along any direction in this hyperplane. This implies that the integral in (0 is absolutely 
convergent. 

Independence on the choice of the state gauge fixing A easily follows through the use 
of a simplest finite-dimensional version of the Faddeev-Popov trick in path integrals for 
gauge invariant sy sternal [29]. Indeed, if t is a state of X and A' a state gauge fixing in the 
interior of X, then we have the identity 

1= f S((X',t + bg))dg, (16) 

where 

dg-= 1] d 9( v )- ( 17 > 



Similarly to QED, our system is linear and the Faddeev-Popov determinant is trivial so that no ghosts are 
needed. 
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Inserting dl6l > into (HJ, exchanging the order of integrations, shifting the integration state 
variables, using the gauge invariance of the Boltzmann weight, again exchanging the order 
of integrations, and again using identity ( [T6b with A' replaced by A, we obtain 

W b (X,s,X) = f B(X,t)S((X,t))dt = 

Jd- 1 (s) 

B(X,t)S((X,t))( [ 5((X',t + bg))dg)dt 
B(X,t)S((X,t))S((X',t + bg))dt)dg 



\Jd- 1 (s) 

B(X,t-bg)6((X,t-bg))6((X',t))dt) dg 



I f B(X,t)5((X,t-bg))S((X',t))dt)dg 
B(X,t)6((X',t))( [ 6((X,t-bg))dg)dt 



B(X,t)S((X',t))dt = W b (X,s,X'). (18) 

Invariance under 3 — 2 shaped Pachner moves is a consequences of the shaped pen- 
tagon identity for the tetrahedral Boltzmann weights, which in its turn is equivalent to 
identity (13 It . provided the relevant integration variable does not enter the product of delta- 
functions 6 ((A, t)). This condition can always be satisfied by appropriate choice of A. 

Finally, the gauge transformation in the space of dihedral angles induced by an edge e, 
see HI, is equivalent to an imaginary shift of the integration variable s(e), which, by using 
the holomorphicity of the Boltzmann weights, can be compensated by an imaginary shift 
of the integration path in the complex s(e)-plane. □ 

3. Pentagon identities from elliptic beta-integral 



Let us start from Spiridonov's elliptic beta-integral [39 
r6 r/V*±i- 



J| v tntj i<i<y<6 

where parameters s = {si, . . . , se} satisfy the so-called balancing condition Yil=i s i = 
pq. Here 

(p;p)oo(q;q) oo 



2 

where (z;p)oo = Ili^o^ ~ Z P 1 )- Also in ( fl9] > the building block is the elliptic gamma 
function defined as 

T(z; P ,q)= [] * ii , (20) 

with \z\ < 1 and two basis parameters \p\, \q\ < 1. Here we use the following useful 
conventions 

T(a,b;p,q) = T(a;p,q)T(b;p,q), T(az ±1 ;p,q) = T(az;p, q)Y{az~ l ]p, q). 
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The elliptic gamma function has the following limit when all its parameters and the two 
basis paramteres simultaneously go to unity 1 37 1 

r( e 27rirz ;e 27rira ' I ,e 27rirW2 ) = e-^'-^^/^Wfowi.ofc), (21) 
where on the right hand side one has the so-called hyperbolic gamma function 



v y (e 2 ™/^)^ 



(22) 



with the redefined basis parameters 



„ 2niuii/u2 -X p — 2iriU2/ui 

H c : H c ) 

and B 2 , 2 (u; U)\,u)2) denoting the second order Bernoulli polynomial, 

„ . 1i 2 11 11 CJl W9 1 

S 2l a(«;wi,W2) = + 7^ + 7r^+o- < 23 > 

The conventions, 

7 (2) (a, b;ui,u 2 ) = 7 (2) ( a 5 Wi,w 2 )7 (2) (>; Wi,w 2 ), 

and 

7 (2) (a± u;wi,w 2 ) = 7 (2) (a + u; u\, w 2 )7 (2) (a - u;u}i,u} 2 ), 
are applied further. 

Also we are going to use the following reduction of the hyperbolic gamma function 1 37 1 

(2)/ \ ( u 2 \ 2 ~~ r(z/wi) 

7^(z;wi,w 2 ) = 7 =^, (24) 

where T(u) is the usual gamma function. The relation between the hyperbolic gamma 
function and Faddeev's quantum dilogarithm is presented in the Appendix where we collect 
all the definitions and properties of the special functions. 

3.1. The first pentagon. Let us start from elliptic beta-integral (|T~9T > and reparametrize 
parameters as 

Sl = e 2 ™ ai , i = 1, . . . , 6; z = e 2jri ™ ; p = e 27rivui ; q = e 2 ™" 2 , 
and use the limit of elliptic gamma function ( |2"TT i to get 

where the balancing condition becomes Y^=i a i = ^i + ^2- 

To get the new form of the pentagon one should proceed as follows. Let us take repa- 
rameterization [41 1 

^ = fi + a,i,a i+3 = -fi + b^i = 1,2,3, (26) 

which preserves the balancing condition and consider the limit fi — »• 00. We use the 
inversion relation 

7 (2) (z,wi + uj 2 - z;wi,u 2 ) = 1 (27) 
and the asymptotic formulas 

lim e^ B2 ' 2 ^ ;w ^7^ 2 ^(-u;w) = 1, for arg ui < arg u < arg u> 2 + 7r, 
lim e"^ S2 ' 2(u;w) 7 (2) (M;w) = 1, for arg cdi - tt < arg u < arg w 2 , (28) 
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and shifting the integration variable u — > u + \i to get 





where we used the inversion relation for the hyperbolic gamma function. The geometric 
meaning of the pentagon relation ( f3TT > can be seen in the figure below. Note that by the 
inversion formula (l27T i. we have 



Therefore, the right hand-side of ( BTT l is the Boltzmann weight for the union of two tetra- 
hedra and the left-hand-side of ( BTT ) is the integration of the Boltzmann weight of three 
tetrahedra. 



From d3TT > we see that the function B satisfies pentagon identity. It will be natural 
to suggest that the original elliptic beta-integral should also satisfy some kind of pentagon 
identity, but to our knowledge it is not realized so far. Recently in papers [5 1 it was realized 
that the elliptic beta-integral satisfies the Yang-Baxter star-triangle relation (see also II4T1 ') 
with the Boltzman weight W a (x, y) = T{e a x ±1 y ±1 ]p, q). So, instead of 2 — 3 Pachner 
move the elliptic beta-integral $1% satisfies 3 — 3 Pachner move [28] which might be 
relevant for construction of quantum invariants of four-dimensional manifolds. Moreover, 
the elliptic hypergeometric integrals describe specific partition functions of 4d Af = 1 
SYM theories known as superconformal indices |[T5ll42l . Combining these facts together 
one expects that triangulations of four-dimensional manifolds can be connected to four- 
dimensional J\f = 1 supersymmetric field theories. 



B(x,y) = 7 (2) (x; wi,w 2 )7 (2) (y;^i,<^2)7 (2) ( w i + u 2 - x - y;uJi,u> 2 )- 



b;-U 




Figure 1 . 2-3 moves 
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One has the following orthogonality relations for the B function: 

f d 

/ B(a — iu, 6 + \u)B{— a — iu, —6 + iu) = 2i- v /k>i uj 2 S(a — 6), (32) 

f du 

/ B(a — iu,a + \u)B(—a — i(u + b), —a + i(u + b)) — = 2 v / ZJiW2<5(6). 

3.2. The second pentagon. Let us rewrite d3~TT i as 

r°° uLi 7 (2) (°« - «j ^ ^2) nLi 7 (2) (*>« + ^ du 

i-ioo 7( 2 )(X;Li a » + 6 i+ 5 2-u;wi,w 2 ) iV w i w 2 

3 

= II 7 (2) (a 4 + ^;^i,^2), (33) 
Applying the limit uj 2 — > oo to d33l and using d24b we get 

/ioo 
B(ai + u, 61 — u)B(a 2 + it, 6 2 - u)B(a 3 + u, at + a 2 + h + b 2 ) — 
-ioo 27T1 

= 5(02+61,03 + 62)5(01+62,03 + 61), (34) 
where B(x, y) is the usual beta-function 

B( X> y) = (35) 
T(x + y) 



Taking the limit uj 2 — > oo in (1321 one gets analogous orthogonality relations for the 
beta-integral. 



4. Examples of calculations 
We will use the following notation 

A := (uji + u} 2 )/n, V := y/u)iui2, (36) 

and also 

u{x) := c b (l - ^) • (37) 
Further we will use the ?/> function defined as 

1>{x, y) := -x, y) = f t"t + X \ e27riVtdt ™ 

Jr ®b{t - x) 



see also dlOU . We also have the equality 



(An f /V.r. A '• + /T//i = r ( «(a) + |,j/-2c 6 - ) (30) 



which is equivalent to ( 1 100b . 
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4.1. One vertex H-triangulation of (S 3 , 3i). Following [ 1 ], we have one tetrahedron T 
with linearly ordered vertices (enumerated by 0, 1, 2, 3) and with the face identifications 

d{T ~ g> 3 _,T, i e 0, 1, (40) 

represented by diagram 



The quotient space X is a triangulation of S 3 with only one vertex v and two edges: 
e\ knotted like trefoil and having as preimage the only egde 03 of T, and e 2 having as 
preimages all other five edges of T. The Boltzmann weight reads 

B(X, s) = B (Aa , Aa a + *V(s 2 - «i)) (41) 

where a, := a(q!j) with g e being the quad corresponding to the opposite edge pair 

(03, 12) of T, and Sj := s(e;). Choosing the gauge fixing map A so that (A„, s) — s-y/2, 
we obtain the following integral for the partition function: 

W b (S 3 ,3 1 ) = [ B(Aa ,Aa 1 +iV(s 2 - Sl ))S( Sl /2)d Sl ds2 

JR 2 

= 2 I B{Aa ,Aa 1 +iS7s 2 )ds 2 (42) 
Jr 

which under substitution of d38l l is calculated as follows 

W b (S 3 , 3i) = 2 / V f«(ao), s 2 - 2c b ^) ds 2 

J R 2 $ b (t - u{a )) - J R $ b (t - u(a )) 

<f> b (u(a Q )) 2 
= 2 7iw 1 — vT = 2 $ i>( u ( a o)) ■ ( 43 ) 

As in [I], the partition function diverges in the H-balanced limit «o — > 0, so that it makes 
sense only to consider the ratios of partition functions. Thus, we define the renormalized 
partition function W b (S 3 , 3i) = 1. 

4.2. One vertex H-triangulation of (S 3 , 4^. In the graphical notation of (TJ, let X be 
given by the diagram where the figure-eight knot is represented by the edge of the cen- 



tral tetrahedron T connecting the maximal and the next to maximal vertices. This H- 
triangulation of (S 3 ,Ai) consists of two positive T and Tj, to the left from the central 
tetrahedron and one negative Tr- to the right. One has the following identification of the 
faces 

d T ~ d\T, d 2 T ~ 3xT L , d 3 T ~ d 3 T Rl 

d Q T L ~ 9 2 T fl , 5 2 T L ~ d T R , d 3 T L ~ ^Tr. (44) 



l 
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Identifying the corresponding edges, one gets 



L L R 

Z = ^13 — - T 03 = x 23 = x 03 = X 13' 

y = X12 = x 02 = Zoi = 2:02 = x 12, 

L L L H. _/? 

X — Xqi — X 02 — X 12 — X 13 — X 01 — X 03 — X 23 , 



(45) 



and one has also the edge x' = x 23 . Then for the partition function we have 

W b (S\4 1 )= [ S(Aa 1 ,Aa 2 + iV(y + 2-a;-a; / )) 

x B(A0i + iV(s - z),A/3 2 + iV{x - y)) 
x #(A 7 i + iV(x - z),Ay 2 + iV(a; - y))5{x/2)dxdydzdx' 

= 2 I B(Aai, Aa 2 + iV(y + z - x)) 

x B(A/3i - iVz, A/? 2 - iVy)S(A 7 i - iVz, A 72 - iVy)dydzdx' 



where 



2# b (S 3 ,4x) / B(Aa 1 ,Aa 2 +iVt)dt^2W b (S 3 ,A 1 )\^ b (u(a 1 ))\ 2 



W b (S 3 A 1 



2\<S> b (u( ai )\ 2 

= [ B(APi - iVz, A(3 2 - iVy)£(A 7l - iVz, A 72 - \Vy)dydz. (46) 
Now, using ( f38T > and ( llOll i we continue as follows: 



W b (S\4 1 )= / ^ u(/3i)--,-2c 6 



ft 



_ „ . , , V («( 7 i) - o>- 2c &— -yjdydz 

l 7T / V 2 7T / 

$ 6 (-w(/3i) + f + s) $ 6 (-«(7i) + 



$ b («(&) - § + s) $ b (u(7i) - f + 1) 



$b (-u(ft) + f + s) $ b (-u( 7 i) + f+0 

$b ( M(A) - £ - Q ( M ( 7l ) -1 + ^ it(pa _ ya) 
$ b (-u(/3i) + f - *) $ 6 (-11(71) + |+0 



= {*-->*+ 5} 



$ b (u(ft) - 2 - i) $ 6 ( U ( 7l ) + t) M+%m _ l2)dUz 



$ b (-W(A) ~ *b (-"(7l) +2 + 

{z^z-t}=( *» Wl j = fti^ r ° x e^^^'-^dfat 

$ b Kftj - z) r 2i Cb (fe- 72 ) Z 

$b (-u( 7 i) + z) 



dz 



As the complete balancing conditions take the form /3i = 7 i and f3 2 — 72, we finally 
obtain 

2 



W b (S 3 ,Ai) 



- iO 



*b(-z) 
<S>b{z) 



dz 



(47) 
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4.3. One vertex H-triangulation of (S 3 , 5 2 ). In the graphical notation of JT], let X be 
given by the diagram 




One vertex H-triangulation of (S 3 , 52) consists of 4 tetrahedra: T which is a negative 
tetrahedron and is sitting in the center of the above picture, and Ti,T 2 ,T 3 are positive 
tetrahedra (Ti is on the left from the central tetrahedron, T 2 on the right and T 3 is on top). 
One has to identify the following faces of four tetrahedra: 



d T ~ d x T, d 2 T ~ 8 T 2 , d 3 T ~ d 3 Ti, d Tx ~ d 3 T 3 , 
dxTt ~ d 2 T 3 , ftTi ~ 9 3 T 2 , diT 2 ~ a T 3 , 9 2 T 2 ~ dyT z . 

From the identification of the faces we get the following equalities for the edges 



(48) 



5C01 


(2) 
— X 12 


- T (l) _ 

— X Q1 — 


T (2) _ 


T (3) 
x 02 


_ T (l). 






= X12 


_ T (l) _ 


T (3) _ 


T (i). 
x 02 > 






XQ 3 


= x-ia 


(2) 

— ^23 ~~ 


T (3) _ 
x 23 ~ 


(2) 
x 13 > 






x (1) 

x 03 


(2) 
— x 02 


_ _ 
— -^23 " 


(3) 
- x 12 ~ 


_ T (3) 
" x 13 


(2) 
— x 03 


_ T (3) 
— x 03 



(49) 

and just x 23 - Here, the superscripts (1), (2) and (3) refer to tetrahedra T,-, i = 1, 2, 3. 

The partition function for this one vertex H-triangulation of (S 13 ^) is equal to the 
integral of the product of four Boltzmann weights of four tetrahedra 

W b (S 3 ,5 2 ) = / B(Aai,Aa 2 +iV(a;i+a; 2 3-a;3-ar 2 )) 

x B(A/3i - iV(x 3 - xi), A/3 2 - iV(x t - x 2 )) 
x B(A 7 i - iV(zi - 13), A72 - iV(x 3 - aQ) 

x i3(A5i — iV(x3 — Xx), AS 2 — iV(x2 + x 3 — 2x' 3 ))S (x' 3 /2)dx 23 dxidx 2 dx 3 dx' 3 



= 2W b {S 3 ,5 2 ) / B(Aai,Aa 2 +iVt)d* 
= 2^(5 3 ,5 2 )|$ b ( W (a 1 ))| 2 , 
where Xi — Xoi,i = 1,2,3 and also we denote x' 3 = x, 



(50) 



Here one has 



W b (S 3 , 5 a ) = / 3 dxidx 2 dx 3 B(A/3i + iVx l5 A/3 2 - iV(xi - a*)) 

x B(Q - A71 - A 72 + iVx u A72 - iVx 3 )S(A<5i + iVii, A<5 2 - iV(a;2 + x 3 )) 



if) (u(Pl) + y, -a:i + 2:2 - 2c b^j i> ( U ("X - 71 - 72) + 



x V + 



2 ' 



-£3 



-a; 2 — x 3 — 2c b — ) dx\dx 2 dx 3 , 

7T 



2c b ^) 
(51) 



1 
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then writing the definition for ip(a, b) one gets 

Wb(S 3 , 52)= / dxidx2<ixsdsdtdu 
Js, 6 

gfeKgl) + f + 3 )$ b (u(n - 7l - 72 ) + f + t)$ t (tt(<*l) + f + U) 

X *i(-uC8i) - f + S )$ h (- U (7r - 7l - 72) - f + ^(-U^) - f + u) 

w c 27ri( — a; i-l-a^s— 4ic b /3 2 s 2irix 3 t — 4ic h 'y2 t „ — 27ri(:r 2 +£3)11— 4ic b <5 2 ti 
Ac; o t- 

$ 6 (mQ8i) + f + a) $ 6 (m(7t - 71 ~ 72) + f + 
$ 6 (-«(i9i) - f + s) *&(-"(*■ - 7i - 72) - f + 1) 



dxi dsdtdu 



Y 2 1+M ) -27ria:is-4ici,ff2Sp-4ic i ,72t -4ic b 5 2 u 

X $ 6 (-u(^)-f + u ) e 

t 

cixi dsdtdu 



$i(-u(/0i) - f + s) $&(-u(tt - 71 - 72 ) - f + t) 
dx 1 due- 27TixiU -' liCb{li2 -~< 2+82)u 

+ ^ + M)$fc(u(7T - 71 - 72 ) + ^ - lt)$ 6 (M((5l) + ^ + It) 

X ttCSx) -f + U)$ b (-U(TT - 7l - 72 ) - - u)$ 6 (-u(5i) - f + u) 
Changing the integration variables 

X\ X\ 

Xi^r — +u, x 2 = u-—, 

we get 

W b (S 3 ,5 2 )= [ dx^e-^-^h' 2 ' 1 ^ 132 '^ 52 ^ 1 ^ 
Jr 2 

<f>b(u(Pl) +X 1 ) $ b {u(lT - 71 - 72) - X 2 ) $>b{u{8l) +£l) 

$ 6 (-m(/3i) + £2) 3>b(-u(7r - 71 - 72) - xi) $ fc (-M(<5i) + x 2 ) 
Finally using the inversion relation (l88l l and shifting integration variables 

Xx ->• xi - u((Ji), £2 -> x 2 + 

VK b (5 3 ,5 2 ) 



(52) 



= / cLt 



2" 



*fc(x2)$6(u((5i) - u(/3i) + x 2 )<i>b{u{5 1 ) - u(?r - 71 - 72) + x 2 ) 
dx 1 e~' Kix2l e~ 2cbi ( 7 '~P 1 ~P 2 ~ S2+l2,X2 
x $ b (a;i)$ b (u(/3i) - u(<5i) + a;i)$ 6 (u(7r - 71 - 72) - u(8 x ) + x x ) 



x 



dx- 



2 

a nix „-2c 6 i(7r-/3i— /3 2 -(5 2 +72)a; 



$b(x)$bfe(Pi - <5i) + x)$ 6 (c b - §(71 + ^ + 72 ) + x) 



(53) 
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In the complete balancing case 82 = /3 3 + 72, Si = 73 = j3±, one gets 

2 



dy 



K-iO 



MvY c 



4.4. One vertex H-triangulation of (S 3 , 61). First of all we start from describing of an 
H-triangulation of (S 3 , 61). In the graphical notation of |T), let X be given by the diagram 




This one vertex H-triangulation of (S 3 ,6i) consists of 5 tetrahedra: T-y and T 3 which 
are positive tetrahedra and T 2 , T4, Tg— negative tetrahedra. In the above picture, tetrahedra 
T\ , T 3 and T5 are situated on the bottom row in the same order from left to right and T 2 , T4 
he on the upper row from left to right. According to the picture one has to identify the 
following faces of five tetrahedra: 

doTi ~ d T 2 , diTi ~ d 2 T 3 , 9 2 Ti ~ %Ti, 9iT 2 ~ d 2 T 4 , d 3 T 2 ~ d T 5 , 

a 2 T 2 ~ a T 3 , <9ir 3 ~ 9iT 5 , a 3 r 3 ~ dm, d r 4 ~ a 3 T 5 , %t 4 ~ a 2 T 5 . (54) 

From the identification of faces we get the following equalities for the edges 



(1) 

23 


(2) 
— X 23 


_ T (4) 
— x 13 


(5) 
— ^02 


_ T 0) 
— x 02 


_ T (4) 
— x 03 


(1) 
13 


(2) 
— x 13 


_ T (3) 


(5) 
— ^23 


(2) 
— x 12 


_ _(« 
^ x 12 


(1) 
03 


_ _(3) 
— x 03 


_ T (l) 
— x 02 


_ T (3) 
— x 01 


_ r (4) 
— x 02 


_ r (5) 
— x 03 


(2) 
02 


_ r (4) 
— x 01 


(5) 
— X 01 


_ T (4) 
— x 12 


_ T (5) 
— x 13 




(2) 
01 


_ _(3) 
— x 12 


_ T (4) 
— x 23 


(5) 
— x 12 







.(2) _ _(3). 
03 ~~ x 13 ' 



(55) 



and just 4 1 ■ Here, the superscripts (1), (2), (3), (4), and (5) refer to tetrahedra Tj,i = 
1,...,5. 

The partition function for this one vertex H-triangulation of (5 3 ,6i) is equal to the 
integral of five Boltzmann weights of five tetrahedra 

W b (S 3 , 6i) = / B(Aa u Aa 2 + iVf^ + a$ - x$ - x$))6(x$ /2) 

x B(A0i + iVf^ - A/3 2 + iV(4? ~ 4a)) 

x B(A 7l - iV(a$ + 4? - 24s )> A 72 - iV(x$ - x$)) 

x S(A<5! + iV(x 1 3 ) + 4? - x« - 4 2 2 ) ), A5 2 + iV(4? + x<» - x$ - 4?)) 

X B(Api + iV(x^ - 43 )> A ^2 + iV(x^ } - 4^ ))^23^02 ^3^03 

= 2W b (S 3 ,6 1 ) I B(Aai, Aa 2 + iV<)rfi 

JR 

= 2W fc (S 3 ,6 1 )|$ 6 Ka 1 ))| 2 , (56) 
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where we fixed the edge 4s and 

W b (S 3 , 61) = / B(A/Ji - iv4 2 2 } , A/3 2 + iV(4? - 4s)) 

x B(A 7l - iV(a$ + 4?), A 72 - iV(a$ - 4?)) 

x B(A* + iV(a$ + 4? " 4?)> A<5 2 + iV(a$ + a$ - " 4 2) )) 

x B(A Pl + iV(a:g ) - 4 1 3 ) ), Ap 2 + iV^^^Ma^ra^oi . ( 57 ) 

now we can change variables 4 2 ~ * 4 2 + 4!s + 4i > x o3 ~>> x o3 ~ 4i and x^ — > 

x 13 + 4i anc l one S ets 

W b (S 3 , 61) - / B(Aft - iV(4 2 2 } + s^-ASa - iVa$) (58) 

,/R 4 

x B(A 7i - iVs&\ A 72 - iVa;$)B(A$i - iVx^, A<5 3 - iV(4i + 4a)) 
x B(Api + iV(4a + 4i ) ). A P2 + iv4?V42^i3 ) ^4 1 3 ) ^4i ) J 
where 63 = A(ir — 61 — 62). Using now relation ( 1 1001 we rewrite the latter expression as 

r ( (1) 
W b (S*,6 1 )= ^L( /32 )-^L,-4 2 2 )-4 1 3 )_ 

( (1) \ / (2) 

X V U(72) ~ ^f,-4 1 3 ) ~ ^ J ^ ( «0*) + 

/ (2) , (1) , ■ 





and using the definition for ip function we get 

^ b (S 3 ,6i) = 



*6(-«(/8a) + ^ + u) $b(-u( 72 ) + ^f - + «) 

(2) (2) , (1) 

$b(u(p2) + Y±g) gfcW) - 2 " 13 + *) 

X (2) (2) (1) 

$b(-u(p 2 ) - ^f- + a) $ b (-u(5 3 ) + Xf " % x ™ + t) 

^ ^ — 2-7ri(xQ2 +^03' 4icb/3iii — 27ria:Q3^ 1;— 4ic(,7i v+27ri(a:Q2 +:Ggi )s— 4ic&pis— 27riXg2 i— 4icfe(5ii 

x dx^ dx^ dx^ dudvdsdt, (60) 

where we can take the integral over 4 2 an< ^ 4V which produce two delta functions 

S(— u + s — t) and 5{—v — u) respectively 



W b (S 3 ,6 1 



~W J 1 ) 
+ ^- + u) $ 6 (-u( 72 ) + ^ + ») 



X 



$fe(^(p 2 ) + ^ + a) gbKfe) - " ni + 1) 

(2) (2) , (1) 

*6(-«(pa) - ^ + a) ® b (-u(6 3 ) + SiL+Eia. + t) 



2 1 »v"<»; ' 2 

x e -4ic b /3 1 « e -4ic i)7ll ; e 2 7 ri a; ( 2 1 ' S -4ic b p i;Se -4i Ci) 5 1 t 5 (_ u + g _ _ u ) 

x dxj]j dx*Qi dudvdsdt, (61) 
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taking the integrals over t and v one gets 

ttt (q3 f MHM-^+u) Mu(l2) ~ ^ ~ U) 

W b (b ,bij= / (Yj — } 

4 $ 6 (-u(/3 2 ) + ^f- + u) $ 6 (-u(7 2 ) + ^ - u) 

x $fc(»(p 2 ) + 4^ + f) gWga) ~ '"a'" + a - m) 
- ^ + s ) *fc(-«(*3) + + a - u) 

x e- 4 ^^/ 3 !-^!- 5 !)'^ 2 ^" 3 " 4 '^^^^^^^^^^. (62) 
Let us consider reparametrization x = u — ,y — u + ,z = s+ ^Xq± , w — 



I J?) 



2 a '01 



3 ^ \ f ®b(u(0 2 ) + x) ®b(u(y 2 )-y) 



W b (S 3 ,6 1 ) = / 

Jk 



®b(-u(p 2 ) + y) $fc(-u(72) - x) 

$ b (u{p2) + z) <f> b (u(6 3 ) + w - y) 
<5>b{-u(p 2 ) + w) $ b (-u(5 3 ) + z - x) 

x e -^(^-^-^)(z+y) e ^ 2 -™ 2 ) e -*^ (63) 

which is equal to 

W b (S 3 ,6i) (64) 

$ 6 (m(/3 2 ) + x)$fc( U (p 2 ) + Z) c -2ic h ((f3 1 -y 1 -S 1 ) X +( Pl +S 1 ) Z )+^ dxdz 2 

2 $(,(-11(72) - x)$ b (-u(5 3 ) + z - x) 

demonstrating the factorization for the H-triangulation of (S 3 , 61) and which is consistent 
with Conjee tureQ] 

In the complete balancing case one has 

P2 = 72, = P2 + S 3 , Pi = pi + Si, p 2 = pi + Si - 1, 
simplifying d64l i to the following expression after shifting x — > x — u{f$ 2 ), z ^ z — u(p 2 ) 



W b (S 3 ,6i) = 



2 $ b (-x)$ b (-c b + z - x) 



(65) 



5. Application to 3d supersymmetric field theories 



5.1. 3d supersymmetric theories living on a squashed three-sphere. Following the 
work of Pestun [32 1, the partition functions of 3d AT = 2 supersymmetric theories, de- 
fined on a squashed three-sphere S 3 , were calculated in the papers l25l l24l l2l | by using 
the localization method. These partition functions are given in the form of integrals with 
the integrands composed of hyperbolic gamma functions [50, 16 1. For any 3d Af = 2 
supersymmetric theory defined on S 3 with a gauge group G and a flavour group F, the 
corresponding partition function has the following structure 

/ioo rankG 
du 3 J(u)Z vec (u) J] Zg?(l, u). (66) 
-ioo j=l 1 

Here the integral is taken over Wj-variables which are associated with the Weyl weights for 
the Cartan subalgebra of the gauge group G and the ff-'s denote the chemical potentials for 
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the flavor symmetry group For CS theory one has J(u) — e mk ^i=i u i ) where k is 

cy ■ \ v— »rankG 

the level of the CS-term, while for SYM theories one has J(u) = e/ mA ^=i u \ where A 
is the Fayet-Illiopoulos term. The terms Z vec (u) and Z^ l i vr (f,u) in (|66l l come from the 
vector superfield and the matter fields, repectively, and are given in terms of the hyperbolic 
gamma function. 

The result of localization allows us to relate the physical theory with some matrix in- 
tegral of the form d66| i. Also we can invert the logic: having some matrix integral of the 
type d66| i one can find a 3d Af = 2 supersymmetric field theory whose partition function 
is given by this matrix integral |fl6l . Thus, all the partition functions which we get by 
considering (0 can be interpreted as partition functions for some 3d Af = 2 supersym- 
metric field theories. Moreover, as the expression (0 corresponds to some triangulation 
of a 3-dimensional manifold M, we obtain a link between 3- manifolds and 3d Af = 2 
supersymmetric field theories defined on S?. This is known as a 3d /3d duality considered 
recently in [44 12, 13 45] (see also [43 1 for the relation of the objects to four-dimensional 
supersymmetric field theories). 

In lfl2l . the state variables live in the faces, while in our case the state variables live on 
the edges. To get a 3d theory from 3d manifold M one has to triangulate this manifold and 
calculate its partition function ([8]l and then interpret this expression as a partition function 
(1661 , One should notice that every common edge corresponds to abelian gauge group. 

Let us start from our building block: the tetrahedral Boltzmann weight composed of 
three hyperbolic gamma functions, each corresponding to the contribution coming from 
the 3dAf = 2 chiral hypermultiplet. Namely, 

3 

B(T,a) = Jj7 (2) (Aa, +iV(x l+1 + x' i+1 - x^ x - x'^);^,^), (67) 

4=1 

corresponds to three chiral superfields Q,, i — 1,2, 3, with SU(3) global symmetry group 
(since J2i=i K^+i + x 'i+i ~ x i-i ~ x 'i-x) = 0) ar, d a superpotential 

which has a correct i?-charge. This can be easily seen from the fact that the dihedral 
angles ai,i — 1,2,3 correspond to i?-charges of three chiral superfields. And since 
a i = w men me ^?iv cnar g e °f the superpotential W is given as Rw = 53i=i R-Qi = 

The first non-trivial case of a 3c? theory with a non-trivial gauge group is the pentagon 
identity QTl ) (once again we stress that it is a 2 — 3 Pachner move) when we take two 
positive tetrahedra and glue them together over the common face. The partition function 
of two glued tetrahedra having vertices (0, 1, 2, 4) and (0, 2, 3, 4) is 

W b , A = B(Aax + iV(x 02 + x 34 - x 03 - x 2i ), Aa 2 + iV(x 03 + x 2 4 - x 04 - x 23 )) 
x S(A/3i + iV(x i + x 2 4 - x 02 - £14), A/3 2 + iV(a: 2 + x u - ^04 - ^12!!^) 

where X)?=i( a « + M = ^i + ^2 which is the partition function for a theory A which 
consists of six 3c! TV = 2 free chiral hypermultiplets with F = SU(3) x SU{3) x U(l) 
global symmetry group. Here we have ol\ — a 2 + bi,oti = a.3 + b%, fi\ = a± + b 2 and 
h = 03 + &i. Here each SU(3) corresponds to separate tetrahedron and £7(1) group 
distinguishes the two tetrahedra. At the same time, using 2 — 3 Pachner move, two glued 



From physical point of view, 's are lineal' combinations of the i?-charge, the masses of the hypermultiplets, 
and the Fayet-Illiopoulos terms associated to the additional Abelian global symmetries. 
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tetrahedra can be considered as three tetrahedra with the vertices (0, 1 , 2, 3) , (0, 1 , 3, 4) and 
(1, 2, 3, 4) having a common edge X04 whose partition function is 

Wb,B = / B(Aai + iV(x i + x 23 - x 02 - x 13 ), Abi + iV(x 02 + x 13 - x 03 - x 12 )) 

x B(Aa 2 + iV(ar 12 + £34 - x i3 - x 2i ), Ab 2 + iV(xi 3 + x 2 a - xu - x 23 )}69) 
xB(Aa 3 + iV(x i + x 3i - x 03 - xu), Ab 3 + iV(x 03 + xu - x a - xi 3 ))dxi 3l 

where Y^%=i ( a * + b i) = w i + w 2- 

Expression (f69t gives a partition function for 3c? Af = 2 SQED theory B (which has 
?7(1) gauge group) with 3 flavors and overall F = SU(3) x SU(3) xU(l) global symmetry 
group and 2 singlet baryons. There are three tetrahedra in this picture so one can think of 
SU(3) 3 global symmetry group but the part of this, namely, J7(l) becomes a gauge group 
leaving SU(3) x SU(3) x [7(1) global symmetry group. 

Since d68l)=(|6*9li the partition functions for theories A and B are the same which sug- 
gests the duality between these theories. Generally, different triangulations of 3-manifolds 
produce different phases of the same theory, in other words, we get dual descriptions for 
3d supersymemtric field theories related to a given 3-dimensional manifold. 

One can continue further and construct triangulations for other 3-manifolds and relate 
them to 3d supersymmetric field theories. As a next example, we consider four tetrahedra 
built from vertices (0, 1, 2, 5), (0, 2, 3, 5), (0,3,4, 5), (0, 1,4, 5) glued together over a com- 
mon edge X05 to form an octahedron. We have four tetrahedra: three positive Ti,T 2 ,T 3 
and one negative T4. These tetrahedra have the following vertices: T\ = {0, 1, 2, 5}, T 2 — 
{0, 2, 3, 5}, T 3 = {0, 3, 4, 5}, T 4 = {0, 1, 4, 5}. Identifying the faces, we get 

diTi ~ d 3 T 2 , d 2 T 2 ~diT 3 , 5 3 T 3 ~9iT 4 , d 2 T x ~ 4 r 4 , (70) 

from which we get 



(71) 



.(1) 

05 


(2) 
— X 05 


_ -(3) 
— x 05 


_ T (4) 


r (l) 
x 25 


(2) 
— x 25 i 


T (l) 
x 02 


(2) 
— X 02 i 


J?) 
x 35 


_ _(3) 
~ x 35 


.(2) 
03 


_ T (3) 
— x 03 ■ 


T (3) . 
x 45 " 


_ JA 
- ^45 ' 


T (3) 


_ T (4) 
— x 04 1 


T (l) 
x 15 


_ T (4) 
— x 15 ' 


T (l) 
x 01 


_ T (4) 
— x 01 . 



so that the partition function is equal to 

Wb, Octahedron = / dx^ 



x B(Aa\ + iV(a$ + x$ - x$ - x$), Aa 2 + iV^ft - x$ - x% + xg y j) 

x B(AA + iV(a$ + 4 1 ' - x%> - x$), Af3 2 + iV(x$ - x$ - x™ + x$)) 

x B(A 71 + iV(x$ + x$> - - x$), A l2 + iV(4 3 4 ) - x® - x<$ + x$)) 

x B(AS 1 - iV(x<£ - x$ ~ + 4 1 5 ) ). A<5 2 - iV(4 3 4 5 + xfi ~ xg^) 

which corresponds to the partition function of 3d Af = 2 SQED theory with 4 flavors and 
four singlet baryons with the overall global symmetry SU(3) 3 x U(l). Octahedron can 
be also represented by gluing five tetrahedra which is not so obvious from geometrical 
point of view and will be much easier to see from the next subsection using the Bailey tree 
technique. As we will show the triangulation with five tetrahedra gives a dual description 
of the starting theory in terms of a quiver gauge theory with 17(1) x J7(l) gauge group. 

Continuing further and gluing more tetrahera one gets a class of 3d supersymmetric 
field theories corresponding to a given triangulation of a 3-manifold. For example, gluing 
F tetrahedra along one common edge one gets the partition function for 3d Af = 2 SQED 
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theory with F flavors and F additional singlet baryons which has SU(3) F 1 x U(l) global 
symmetry group (since U(l) becomes a gauge group). 

5.2. Bailey tree technique. There is an alternative way to see the results of the previous 
subsection based on the application of Bailey tree technique for hyperbolic integrals (very 
much in the spirit of [40 1). This approach gives an algebraic way of getting the partition 
functions and relates the triangulated 3-dimensional manifolds from one hand side, and 
3c? supersymmetric field theories defined on a squashed three sphere, from the other. The 
Bailey tree technique is useful for tracking different triangulations related to each other by 
2 — 3 Pachner move from the algebraic viewpoint. 

Definition 1. We say that two functions a(z,t) and j3(z,t), z,t £ C form an integral 
hyperbolic Bailey pair ( the hyperbolic level) with respect to the parameter t if 

P(w,t) = J B(t + w-z,t-w + z)a(z,t)dz. (73) 

Theorem 2 (follows from Theorem 1 |40|). Whenever two functions a(z, t) and fi(z,t) 
form an integral hyperbolic Bailey pair with respect to t, the new functions 

a'(w, s + t) = B(t + u + w, 2s)a(w, t) (74) 

and 



f3'(w, s + t) = j B(s + w-x,u + x)B(s + 2t + u + w,s~w + x)f3(x, t)dx, (75) 

form an integral hyperbolic Bailey pair with respect to parameter s + t. 

Proof. The proof is similar to the proof in the elliptic case ll40l . We start from the definition 

for B'(w, s + 1): 



f3'(w, s + t) = J B(s + w — x,u + x)B(s + 2t + u + w,s — w + x)/3(x, t)dx, 

where we substitute f3(x, t) from equation (l73l : 

(3'(w, s + t) = J B{s + w — x,u + x)B{s + 2t + u + w, s — w + x) 

x Bit + x — y,t — x + y)a(y, t)dydx. (76) 

In the latter expression we can apply formula 

. 3 3 

/ II^ 2 ^ ~ u 'i UJ i-, UJ 2)l {2 \bi + u; oji, uj 2 )du = 7 (2) (a; + bf, u 1 , w 2 ), (77) 

i=l i,J=l 

where J2i=i( a i + &<) = + <^2, so that we get 

P( W ,s + t ) = jB(s + t + W -x, S + t- W + X )«'( X > S + t ) dx. (78) 

□ 

From identity (fTTT i one gets the following Bailey pair 

2 

a(z,t) = Y[B(ai-z,pi + z), (79) 
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where 2t + Y^i=i( a i + ft) = + W2, and 

2 

p{w,t) = Y[B{t + w + a i ,t-w + l3 3 - i ). (80) 
i=i 

The pentagon identity permits us to define a particular Bailey pair thus giving the definition 
for Bailey pairs a topological interpretation in terms of the 2-3 Pachner move. In other 
words, the construction of new Bailey pairs through Theorem|2]corresponds to changing a 
triangulation by the 2-3 Pachner move. 

In the case of an octahedron triangulated into four tetrahedra which we considered in 
the previous subsection, the partition function (l78l can be written as 

Z4A's — / B(s+t + w — x, s + t — w + x)B(t + u+x, 2s) TT B{a.i — x, /3i + x)dx, (81) 

J 8=1 

where 2t + Y^t=i ( a i + ft ) = w i + w 2- On the other hand, this expression is equal to d76l l 

Z^A's = J B(s + w — x, u + x)B(s — w + x, 2t + s + u + to) 

2 

x B(t + x - y, t - x + y) JJ B(oj - y, ft + (82) 

»=i 

which corresponds to triangulation of the octahedron in terms of five tetrahedra. Repeat- 
ing this procedure, one can further increase the number of tetrahedra thus obtaining new 
equalities for dual 3d supersymmetric field theories related to these triangulations. 

6. Relationship to representation to PSL(2, C) 

In this section, we briefly discuss the relationship between the invariant Wb(X, s, A) and 
representations of the corresponding fundamental group into PSL(2,C) and simplicial 
Chern-Simons theory. 

6.1. Angle structures and representations of fundamental groups to PSL(2, C). For 

simplicity, let us assume that X = (M, T) is an oriented triangulated closed pseudo 3- 
manifold, i.e., dX = 0, where M is the underlying pseudo 3-manifold and T is the trian- 
gulation. Let D(T) be the set of all quads in T. Recall that Z/3Z = {l,r, r 2 } acts on 
□ (T) corresponding to the cyclic order of three edges around each vertex. For q E 0(T), 
we will use q' and q" to denote r(q) and r 2 (q) below. A shaped structure on X (or T) 
is a function a : D(T) -> (0,7r) so that a(q) + a{q') + a(q") = -k for all q € 0(T). 
The weight of a shape structure a is the function / : Ai(T) — > R sending each edge e to 
f( e ) = Eg^e where q ~ e means the quad g faces the edge e. In particular, an ang/e 
structure is a shaped structure whose weight at each edge is 2ir. 

The invariant VF&(X) in Theorem[T]is defined for each shaped triangulation, i.e., Wj, (X) 
=W b (M ; T, a). Theorem[T]implies that W b (M ; T 3 , a) = W b {M; T 2 , ft) if T 3 is obtained 
from 72 by a 2-3 Pachner move so that /3 is the angle structure on 72 induced by the angle 
structure a on T 3 . (The equation for defining f3 from a is indicated in figure 1.) In general, 
there are many different (or may be none) angle structures on T 3 inducing the same angle 
structure on These different angles structures are related by a gauge transformation 
induced by the degree 3 edge in T 3 . Theorem Q] says that W b (M; T, a) depends only on 
the (edge type) gauge equivalence class of the shaped structure a. 

We will describe briefly the edge type gauge equivalence class now. Recall that a tan- 
gential angle structure on T (see ll30l ) is a map x : □(T) — > R so that for each q e D(T), 
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x(q) + x{q') + x(q") = and for each edge e € Ai(T), J2 q ~ e x (l) ~ ®- Thus the space 
of all tangential angle structures is a vector space, denoted by TAS(T). For any shape 
structure a, v £ TAS(T) and small t, (3 — a + tv is still a shape structure so that j3 and a 
have the same weight. A generating set of vectors for TAS(T) was well known and can 
be described as follows. Consider the vertex link lk(v) of a vertex v 6 A (T). Let s be 
an edge loop in the dual CW-decomposition of the triangulated surface lk(v). The loop s 
can be described as a sequence of triangles {ti, t n } and edges {ei, e„} in lk(v) so 
that ti is adjacent to ti and £j + i (in+i = Since each tj corresponds to a tetrahedron Tj 
and each e, corresponds to a co-dimension- 1 face in T, each T, contains a unique quad 
qi facing the edge H i*i in T*. 




Figure 2. Edge loop in a vertex link 



Define a map g s : D(T) — > R by g s (q'i) = 1, 9s(q'i) — — 1 and 5 s (g) = for all other 
g's. One checks easily that g s € TAS(T). In particular, if s is the loop around a vertex 
it in lk(v), then g s is the gauge transformation associated to the edge e corresponding to 
u. Two shaped structures a and /3 on T are ec/ge fype gauge equivalent if their difference 
a — f3 is a linear combinations of g s 's for edge loops s which are around vertices in vertex 
links. Theorem 1 says that Wb(M; T, a) depends only on the edge type gauge equivalence 
classes. A theorem in [46 1 shows TAS(T) is generated by vectors g s . Define the angle 
holonomy a(s) of a shaped structure a along an edge loop s in lk(v) to be ^T=i a (li)- 
The work of [46 1 and [ 1 1 show two shaped structures are edge type gauge equivalent if and 
only if they have the same angle holonomy along any edge loop s in vertex links. This 
suggests a way to represent the edge type gauge equivalence class of shaped structures 
using volume optimization. Namely, given a shaped structure a, let A a be the set of all 
shaped structures on T edge type gauge equivalent to a. The volume of a shape structure 
is the sum of the volume of the hyperbolic tetrahedra determined by the shape. It is well 
known that volume is a strictly concave function of shape structure a. In particular, there 
is at most one shape structure f3 G A a which has the maximum volume. Note that it 
may not exist in A a , i.e., the maximum volume point may appear in the boundary of 
the closure of A a . Suppose now that a is an angle structure and the maximum volume 
f3 exists in A a . Then by the standard volume optimization method (see (34), |[T9l , or 
||30l ), one sees that the complex shape parameter zp given by (O associated to (3 satisfies 
Thurston's gluing equation. Therefore, it produces a representation p of ni(M — Ao(T)) 
to PSL(2, C) so that for any edge loop s in lk(v), the eigenvalues of p{s) are of the form 
re ±^/^T|3(s)/2 f or r g R >0 . This shows if there exists an angle structure of the maximum 
volume edge type gauge equivalent to a, one can assigns the invariant W&(M; T, a) to the 
representation p, i.e., the invariant Wb(M; T, a) may be an invariant of a pair (M, p). The 
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precise conjectural picture of Wb(M; T, a) is: if two angle structures (% 1 «i) (i = 1, 2) 
are associated to the same representation p, then Wb(M; 71, ai) = Wt(M; 75, a^)- 

6.2. Relationship with Simplicial PSX(2,R) Chern-Simons theory. In (31], we pro- 
posed a variational principle for finding real valued solutions of Thurston's equation on a 
triangulated oriented closed pseudo 3-manifold (M; T). Given (M; T), we introduce the 
homogeneous Thurston's equation (HTE) as follows. A map x : D(T) — > R is said to 
solve HTE if for each q e 0(T), x(q) + x(q') + x(q") — and for each edge e in T, 

n^')=ii(-^"))- 

It can be proved that solutions to Thurston's equation over the real numbers on (M, T) 
correspond to nowhere zero solutions to HTE. The main observation in OTl is that critical 
points of an entropy function of the form 53<=i x i l* 1 (Nil) are nowhere zero solutions to 
HTE. The converse also holds if M is a closed 3-manifold. 

Our pentagon relation d34l > implies the following pentagon relation for the entropy. 
Namely, given five positive numbers a\, 0,2, b\, 62, 63 so that Y^i=i a i + ^ = ^ 

and ai<i2 = 6162^3, then 

2 3 
^(a, + 6j) ln( ai + 6j) = ^(a !: ln(ai) + (1 - a,) ln(l - a,)) + ^ 6j ln(6,-)- (83) 

i,j i=l j=l 

Identity d83l suggests there should exist a non-quantum topological invariant for 3- 
manifold from simplical SL(2, R) Chern-Simons theory. Furthermore, this invariant is 
the semi-classical limit of W&(M; T, a) when b degenerates. 



Appendix A. Special functions 

A. 1 . Faddeev's quantum dilogarithm. Faddeev's quantum dilogarithm $ b (z) is defined 
by the integral 

/ f -2\zw j \ 

= exp / a • u m • w 7m ' (84) 

VR+io 4sinn(u;oj smn(ui/o)ii; / 

in the strip |Imz| < |Imc b |, where 

c b = i(b + b~ 1 )/2. 

It is usefull to define 

Q nv = e «i(i+*S>/« = e™ 2 >C Co = e-f 1 - 4 */ 12 . (85) 



symmetry $ b (z) = $_ b (z) = $ 1/b (z) , (86) 

functional equations $ b (z - ife ±:L /2) = (1 + e 2Trb±lz )<£> b (z + ib ±1 /2) , (87) 

inversion property $ 6 (z)$ 6 (-z) = Qj,e™ ,a , (88) 

zeros z e {c b + mife + nifr -1 ; m, n G Z- } , (89) 

poles z£ { — c b — mi& — nife -1 ; m, n g Z- } , (90) 



unitarity $ b (z) = l/$ b (z). (91) 
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A. 2. The elliptic Gamma function. The elliptic gamma function is defined by the for- 
mula 

■^r 1 - Z~ V+ V + 1 

T(z;p,q) = J] , A ■ ( 92 ) 

i,j=0 F H 

and it satisfies the following properties 

symmetry T(z;p,q) — T(z;q 7 p) , (93) 

functional equations T(qz;p, q) = 8(z;p)T(z;p, q), (94) 

F(pz;p,q) = 6(z;q)T(z;p,q) , (95) 

reflection property T(z;p, q) q) = 1 , (96) 

zeros ze{p 1+ V +1 ;u'e2- }, (97) 

poles z e {p- l q- ] ;i,j el^ a } , (98) 

residue Res z =i T(z;p, q) = - {p . p) J iq . q)xi ■ (99) 

Here 9(z;p) is a theta-function 9(z;p) = (z;p) OQ (pz~ 1 ;p) oc . 

A3. Some useful formulas. Faddeev's quantum dilogarithm and the hyperbolic gamma 
functions are related via formula 



e iirx 2 /2 



where b := . f^f. 

V 2 

Recall that the inversion relation d27l i for (x) is of the form 

7^ (x; uJi,0J2)x 2 >(u)i +UJ2 — x;u>i, lu 2 ) = 1 
and the complex conjugation property 

7 (2)( Z ) = 7 ( 2 )(f). 

If we define 

^ 2 \u;uji,u 2 )^ 2 \v\ wi, w 2 ) 
: = f2 w T s 

then it is easy to see that 



where 



(X X \ 

-+c b ,---c b ,y) (100) 



*(".r.,r):= / ^ + X \ e ^ wx dx, (101) 



which is calculated as follows [ 18 1 



*(u, v, w) = C $b(M 7"' Cb)$b(W + Cb) e - 2 -^). 

3>b(u — f + W — Cb) 



(102) 
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